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Developing a simple reliable reservoir operation policy is on of most challenging 
tasks that face water resources planners. This complexity increases when involved 
parameters are uncertain and system’s performance continues to deteriorate. 
Therefore, the aim of this paper is to extract a reservoir operating parameters 
based on low dimensional parameterization approach. In this context, the most 
important three parameters of reservoir inflow, storage, and release have been ex-
tracted for Sennar multipurpose reservoir at Blue Nile-Sudan. 
Two approaches have applied and tested of direct reservoir hedging PSO-HDG 
model and reservoir discretization PSO-ZONE model. A three dimensional sur-
face modeling has been applied to correlate these parameters besides comprehen-
sive statistical analysis to achieve the best parameter fitting.  
The applied linear polynomial (1,1) model shows good results in extracting the 
a,b, and m coefficients, in case of PSO-HDG, and K hedging fractions coefficients 
values in PSO-ZONE. Three goodness-of-fit statistics of R2, adjusted R2, and 
RMSE were applied in addition to residual analysis to check the fitting quality 
and model performance, where the first PSO-HDG model shows a very good re-
sults in most cases as well as the PSO-ZONE, even with existence of some weak 
correlations, which has been justified mainly due to the scarcity of bathymetric 
survey data that affecting directly the accuracy of updating reservoir’s real state 
storage. 
Keywords:  Reservoir operation, Parameterization, PSO-HDG, PSO-ZONE, 
   Statistical Parameters. 
1 Introduction 
To maximize the reservoir’s system benefits; the rule curves are applied by sys-
tem’s operators to take their operation decisions based on real state system’s 
conditions. These curves normally developed from simulation models which are 
capable to simulate and test different scenarios and define the best operation pol-
icies among them.  
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However, large number of involved parameters increases the complexity of 
achieving the optimum policy and brings the necessity of making a compromise 
between best system representation, which requires large number of system pa-
rameters, and efficient reliable operating policy with minimum parameters that 
can represent the system properly without affecting solution accuracy. There-
fore, various studies adopted and applied the deterministic approach that doesn’t 
consider the parameters uncertainty (Celeste and Billib, 2009) at the cost of re-
ducing the competency of this method in terms of handling the future condi-
tions. 
To simplify these procedures, Nalbantis and Koutsoyiannis (1997) proposed the 
low dimensional parameterization-simulation-optimization (PSO) approach 
which based on the idea of embedded rules in the simulation model; according-
ly, parameters are derived and evaluated in developing the parameterized rule 
curve. This approach has been successfully evaluated by Koutsoyiannis and 
Economou (2003), thereafter; many researchers applied this method such as Ce-
leste and Billib (2009) and Ostadrahimi et.al (2011). Yet, this approach got little 
attention comparing to others, even with its capability to incorporate the uncer-
tainty and provide an applicable rule curves in a simple way comparing to other 
approaches. 
Based on fuzzy model of Abdallah and Stamm (2013); this paper developed a 
simple reservoir parameterization operation model taking the advantage of fuzzy 
model in terms of introducing the system uncertainty issues while using the pa-
rameterization approach to reduce the parameters number. Accordingly, the out-
puts of fuzzy model, mainly, inflow, storage, and release of Sennar reservoir at 
Blue Nile-Sudan, have been used as inputs to the three dimensional surface 
modelling that aims at correlating these parameters together firstly, and optimiz-
ing their fitting after that through applying different statistical measures. Two 
reservoirs models have been tested here, the direct reservoir hedging PSO-HDG 
model and reservoir discretization PSO-ZONE model as described in following 
sections. 
2 Parameterization of Reservoir System 
For a reservoir system of total capacity C; let Rt,It,St denote for release, inflow, 
and storage at the time period (t) respectively. To extract the relationship be-
tween them; Nalbantis and Koutsoyiannis (1997) introduced the parametric res-
ervoir rules that applying optimization techniques to obtain the finest equation’s 
parameters so that the reservoir system will be functioning optimally through the 
entire operation period with linear rules form that can be written as follow: 
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Where S*, s refer to the target storage and real storage respectively while a and b 
are unknown dimensionless parameters.  
However, defining operation rules in a linear form with these few parameters 
introduced several arguments and questions regarding the validity and suitability 
of linear form and parameters number to handle the reservoir’s system condi-
tions appropriately, besides the flexibility of this approach to have further math-
ematical development and introducing the seasonal parameters variation. 
Nalbantis and Koutsoyiannis (1997) justified the linear form by applying this 
approach in five different reservoirs systems with different characteristics to de-
velop the operating rules for each case analytically. They concluded that,  in all 
cases under investigation, the (a,b) parameters values were dependent on the 
main selected objectives since linear form is using only as an efficient  practical 
way to parameterize the problem while the reservoir’s system constraints are 
strongly modify the form of any initial rule regardless the form it takes. To im-
prove this approach, the present study is trying to address these issues; an im-
proved linear form is proposed based on previous work; an additional factor of 
inflow has been added to the equation (1) to be written in the following form: 
1 * *t t tR a I b S  
                              (2) 
Through this formulation several advantages can be obtained and reservoir’s re-
lease can be determined depends not only on the storage but also on the inflow 
components which opens the window to include the seasonality and inflow un-
certainty. On the other hand, different reservoir’s losses such as evaporation, 
leakage, seepage, and sedimentation can be calculated and implicitly involved in 
the storage component of the equation. 
3 Parameterization using the reservoir zoning discretization 
In this model, reservoir release is developed based on initial storage only where 
the reservoir is divided into different parameterized zones. Depending on zone 
location, different demands fractions is released; this discretization can be math-
ematically expressed according to Celeste and Billib (2009) in the following 
form: 
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Where 1( )AS  to ( )AnS   are the storage zone levels and the )(K1   to )(Kn  are the 
hedging fraction which constrained by: 
0)(K),.......,(K),(K),(K1 n321   , 
maxn321dead S)(S......)(S)(S)(SS  
 
4 Three-Dimensional Surface Modeling 
Curve and surface fitting is normally used for estimating parameters those have 
physical meaning as accurate as possible besides smoothing the data by remov-
ing or reducing the random or measurement errors during the curve fitting pro-
cess.  
In present study, to have an accurate estimation of equation (2); polynomials 
model has been selected to fit the inflow, storage, and release data on a surface 
among other algorithms, as it produces a good results when simple empirical 
model is required due to the reasonable fitting process flexibility with non-
complicated linear data sets. Mathematically, the polynomials model can be 
written as: 
1
1
1
n
n i
i
i
y p x
  


                       (4) 
Where, n + 1 is the order of the polynomial that gives the number of coefficients 
to be fit, n is the degree of the polynomial that gives the highest power of the 
predictor variable, Pi is coefficient. 
An interpolated value for each point is calculated, through least-squares method, 
afterwards, fitting process of polynomial surface to the neighboring data is per-
formed to obtain the residual ri which is defined as the difference between the 
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observed data point  yi and the fitted value iyˆ  according to the following equa-
tion: 
ˆi i ir y y 
                                                                  (5) 
The summed square of residual (SSE) can be expressed as: 
2 2
1 1
ˆ( )
n n
i i i
i i
SSE r y y
 
   
                                                           (6) 
Where n is the number of data points included in the fit, and )yˆy( ii  represents 
the vertical distance between the polynomial surface and data. 
To avoid the sensitivity of least-squares method; two robust least-squares re-
gression methods can be applied to minimize the outlier’s effects: 
- Least Absolute Residual method (LAR): to find the surface that minimiz-
ing the residuals absolute difference instead of squared differences. 
- Bisquare (Bq) weights method: to minimize the weighted sum of squares, 
where each data point take a weight based on how far it’s from the fitted 
surface, accordingly, the nearest points are expected to have weight more 
that farther one. 
5 Case Study 
Sennar reservoir is the eldest reservoir in Sudan, located 350 Km southeast the 
capital city of Khartoum. The dam was built in 1925 at Blue Nile to store water 
and supply the Gezira irrigation scheme as a main purpose with a storage ca-
pacity of 930 Million m3 and maximum height of 40 m.  A set of 80 deep sluices 
and 72 spillways have been constructed to pass a maximum discharge of 11000 
m
3/s. In 1962 the first hydropower station in Sudan has been installed with two 
turbines of 7.5 MW for each. 
The operational year for Sennar reservoir can be divided to four main periods 
based on Blue Nile hydrograph that demonstrated in figure (1): 
1. 1st to 31st   July - rising period; 
2. 1st to 20th   August - period just before peak; 
3. 21st August to 30th   September - peak period; 
4. 1st   October to 30th   June - recession and low flow periods. 
The reservoir operated between the 421.7 m and 417.2 m as maximum and min-
imum water levels respectively with tail water downstream varies between 
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404 m during low flow season and 414 at the flood peak period as shown in fig-
ure (2). 
To meet the requirements of generating hydropower and demands of new irriga-
tion projects; Sennar reservoir operated to maintain the sufficient water levels 
for the upstream pump stations projects in addition to divert water to Gezira 
scheme through Gezira and Managil irrigation canals which they have a joint 
daily maximum discharge capacity of 31 Million m3. 
The extensive reservoir sedimentation analysis of Sennar reservoir shows severe 
reservoir storage reduction over the operation time span. For example, by 2010, 
the reservoir capacity has been reduced to be less than 200 Million m3 which 
means the reservoir lost more than 80% of its capacity in 85 years of operation 
as shown in figure (3). 
6 Application to Case Study 
As far as release is a function of inflow and storage taking the form of  R=f(I,S) 
is concerned and suitable; polynomials model will be developed, several trials 
have been made to correlate release with inflow and storage and fit the surface 
accurately for Sennar reservoir based on monthly scale data obtained from de-
veloped fuzzy model of Abdallah and Stamm (2013).  
Among different tested models; the linear polynomials model of degree (1, 1) 
shows a good performance and ability of fitting the surface while still keeping 
the simplicity advantage of low-degree polynomials models, this model can be 
written in the following form: 
 
Abbildung 1: Blue Nile Hydrograph 
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Abbildung 2: Sennar Reservoir Stage-Volume-Area curves 
 
Abbildung 3: Sennar Reservoir Sedimentation over the years (Million m3)  
( , )f x y ax by m  
                                                                 (7) 
Where, m is constant make this form slightly different from the linear reservoir 
equation (2), however the existence of constant m in the equation (7) improved 
the fitting performance through determining the surface shape and could have 
some physical meaning which will be justified later. 
As a result, this linear polynomials model will be adopted and the reservoir 
equation (3) can be rewritten as: 
1 * *t t tR a I b S m   
                                                               (8) 
Using the monthly values of Release, Inflow, and Storage; equation (8) is ap-
plied accordingly to find the (a,b,m) parameters of PSO-HDG model, and to find 
the best fitted values of  Ki in the second PSO-Zone discretization model. Sever-
al iterations and adjustments have been performed in between to tune the model 
and optimize the fitting robustness. 
After fitting the surface; some goodness-of-fit statistics tests have been applied 
to check the model performance; these tests include R2, adjusted R2 and Root 
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Mean Squared Error (RMSE), where R2 defined as the ratio between sum of 
squares of the regression (SSR) to the total sum of squares (SST) which is the 
sum of squares around the mean, and can be expressed mathematically as: 
2 SSRR
SST

                                                                      (9) 
Where R2 takes the value between 0 and 1, hence, any value close to 1 indicates 
a good fitting while a closer value to zero indicates big variation between ob-
served and fitted data. 
R2 normally improves with increasing the model fitting coefficients number, 
however, big number of model coefficients will lead consequently to increase 
the model complexity and bring, therefore, the question of applicability and 
practicality to the surface again. Thus, the adjusted R2 will be used as a compro-
mise of this situation based on residual degrees of freedom which is defined as 
the number of response values n minus the fitted coefficients number m. 
v  =  n-m                                                                     (10) 
Where v represents the number of independent piece information including the n 
data points that are required to calculate the sum of squares, hence 
2 *( 1)1
*( )
SSE nAdjusted R
SST v
 
                                                           (13) 
The adjusted R2 takes the values equal or less than 1 and can be considered as a 
best fit quality indicator when comparison between models of different coeffi-
cients number is required. 
On the other hand, the RMSE is the standard deviation of random data compo-
nents where any value close to zero indicates good model fitting and can be 
written as: 
RMSE MSE
                                                               (14) 
SSEMSE
v

                                                                    (15) 
7 Analysis and Results  
7.1  PSO-HDG Model 
Based on reservoir hedging rules; equation (8) of linear polynomials model has 
been applied to find the monthly equation’s coefficients of (a,b,m) for the Sen-
nar reservoir as shown in Table (1). 
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Comparing the goodness of fit tests results in this table indicates the good quali-
ty of proposed linear polynomial reservoir model as all values of R2 and adjusted 
R2 are above 0.8 except in two dry months which can be attributed to some ex-
treme reservoir operation values, as a result, the residuals values increased ac-
cordingly and reduce the fit quality. Interestingly mentioning that, during the 
flood season the model shows an outstanding performance with R2 and adjusted 
R2 values approaching 1 and relatively low RMSE values. 
Tabelle 1 Sennar fitting coefficients 
Month a b m Robust 
Method 
R2 Adjusted 
R2 
RMSE 
Jan 0.8135 -0.2612 457.3 Bq 0.8645 0.8578 62.25 
Feb 0.5569 0.2007 361.7 LAR 0.6146 0.5958 97.3 
March 0.5534 0.156 375.7 LAR 0.8949 0.8898 52.34 
April 0.5712 -0.1723 444.5 LAR 0.3605 0.3293 144.4 
May 0.8828 -0.03008 153.2 LAR 0.9761 0.9749 56.33 
June 1.103 -0.3406 -4.339 LAR 0.9658 0.9641 211.4 
July 1 0.001784 -0.7984 LAR 0.9997 0.9997 33.29 
August 1 2.512e-13 -6.482e-
10 
LAR 1 1 9.517 
Sep 1.003 -0.7043 57.89 LAR 1 1 19.5 
Oct 0.9983 0.02968 -110.4 LAR 0.9975 0.9974 103.8 
Nov 1 0.003173 -2.918 LAR 0.9997 0.9997 17.08 
Dec 1 -1.606e-
014 
1.054e-
010 
LAR 0.9997 0.9996 12.97 
7.2 PSO-Zone Model 
Discretizing the storage capacity into different zone levels can help in having 
more insight into different operation levels in terms of timely fluctuation within 
the season, or capacity deterioration due to sedimentation. Accordingly, reser-
voir zoning discretization model, as described in section three, has been devel-
oped and tested in order to extract the fitted coefficients.  
Based on monthly operation rules, system’s demands and boundary conditions; 
storage capacity of Sennar reservoir  has been discretized to five zone level of 
K1, K2,K3, K4, K5 , where K1 represents  the minimum and K5 the maximum op-
eration level in addition to the level that releases the full system demand or 
R=D.    
To increase the computation accuracy, the reservoirs discretization have been 
updated three times based on available bathymetric survey data that estimated 
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the sediment accumulation of 1925, 1967, and 2010 of Abdallah and Stamm 
(2012).  
From Table (2), it can be noticed that, the values of hedging fractions are vary-
ing according to monthly operation policy, for instance, the maximum operation 
level fraction K5 takes zero values during flood season or when the demands is less than stored water plus reservoir’s inflow, which means the reservoir will –in 
this case- releases the full system’s demands without reducing or hedging them. 
On the other hand the values of K1 increase during flood season to reflect the 
rules of managing the minimum operation levels while keeping zero values dur-
ing the normal and maximum operation levels. 
The model shows good correlation and improving tendency with increasing the 
operation level hedging fraction, even with existence of some weak values, 
while the adjusted R2 values show the competence of linear (1,1) polynomials 
models.  
Tabelle 2 Sennar hedging fractions 
Month K1 K2 K3 K4 K5 
Jan 0 0 0.06 0.9 0.12 
Feb 0 0.2 0.24 0.13 0.13 
March 0 0.12 0.08 0.06 0.02 
April 0.01 0.01 0.01 0.01 0.01 
May 0.4 0.1 0.06 0.03 0 
June 0 0.01 0.07 0.01 0 
July 0 0.01 0.03 0 0 
August 0 0 0.02 0.01 0 
Sep 0 0 0 0.11 0.08 
Oct 0 0 0 0 0.14 
Nov 0 0 0 0 0.11 
Dec 0 0 0 0 0.06 
Following the same procedures likewise the first reservoir hedging model; a lin-
ear polynomial models have been developed to extract the model coefficients, 
five models for each monthly k hedging fraction which means 60 models per 
year as shown in Table (3). 
However, since some operation cases are unlikely to happen according to the 
system’s state and operation policy; some hedging fractions haven’t been mod-
eled, such as normal and maximum operation levels during flood seasons from 
July to October, where the reservoir operated within the minimum operation  
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level to decrease the sediment accumulation. Hence, the reservoir’s release is 
satisfying all- system’s demands or R=D, as well as minimum operation level 
after filling period (November-December) when the reservoir is already filled 
up, or in case of maximum operation levels during drought months before the 
flood (April-June) when inflow less than demands and reservoir water is less 
than full storage capacity.  
To check models performance after extracting the a, b, and m models coeffi-
cients; the same goodness-of-fit statistics as explained before have been applied 
as shown in Table (4). Worthy mentioning here that, several polynomials mod-
els with different degrees have been tested to see the effect of increasing the 
model’s degree in improving model performance, however, all these models 
didn’t prove a real improvement in addition to increase the model complexity, 
which means the weak R2 and adjusted R2 values might be attributed to the une-
ven distribution of bathymetric survey data that leads to the difficulty of accu-
rate real storage estimation in the years where these data are not available. An-
other possible explanation for these weak values can be the relative few number 
of k values which decreases the goodness of fitting robustness.  
Another point has to be considered, in order to take the advantage of PSO-
ZONE model, it’s important to have enough dataset, as this model demands 
more updated detailed data than the PSO-HDG to produce good results, which 
might be an obstacle, particularly in the area where this data is scarce or sparse. 
8 Conclusion 
The three dimensional modeling was applied in this paper to extract the coeffi-
cients correlated the fuzzy reservoir operation model parameters of release, in-
flow, and storage. Two approaches were applied in parameterization process; the 
reservoir hedging PSO-HDG and reservoir zone discretization PSO-ZONE. For 
both of them, linear polynomials models was developed and tested based on 
monthly scale. Among different polynomials models degrees; the linear (1,1) 
shows good results in addition to the simplicity advantage, therefore, it has been 
applied in both parameterization approaches to extract the a,b, and m coeffi-
cients, in case of PSO-HDG, and K hedging fractions coefficients values in 
PSO-ZONE.  
Three goodness-of-fit statistics of R2, adjusted R2, and RMSE were applied in 
addition to residual analysis to check the fitting quality and model performance, 
where the first PSO-HDG polynomials model show a very good results in most 
cases as well as the PSO-ZONE, even with existence of some weak correlations, 
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which has been justified mainly due to the scarcity of bathymetric survey data 
that affecting directly the accuracy of updating reservoir’s real state storage. 
The results indicate the feasibility of  both parameterization models and oppor-
tunity of applying them satisfactorily by using the simplicity advantage of first 
one, which can help in having a good general reservoir operation parameters, 
while the second PSO-ZONE model offers more insight into the reservoir’s sys-
tem based on the real storage’s state conditions, particularly when real time res-
ervoir’s release decision is required, however, this approach is not simple com-
paring to the first one and needs more data besides its sensitivity to the discreti-
zation type as explained before. 
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